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ABSTRACT This paper presents a molecular theory of the thermodynamic properties of reversible gels 
whose junctions are formed by the clustering of an arbitrary number of associating groups, or segments, on 
the constituent molecules (or primary chains for polymeric gels). Cross-linking by the microcrystalline segments 
on the polymer chains or by associating groups attached to the chain ends are examples. We focus our interest 
specifically on the interference between gelation and two-phase separation. We study how these transitions 
depend on the molecular weight, functionality, and the aggregation number (multiplicity) of the network 
junctions. 

1. Introduction 
The cross-links in thermoreversible gels may involve 

crystallization of chain segments14 or other types of 
association.6 A large body of experimental data now 
existsG9 but there is room for further theoretical study. 
In general, such reversible gel formation is essentially an 
equilibrium phenomenon.1°-13 In this paper, we extend 
previous studies(I)14-16 of such equilibrium and of the 
possible interference between gelation and liquid-liquid 
phase separation. In the earlier work (referred to as I), 
standard Flory-Huggins solution theory17J8 was combined 
with the standard tree s t a t i s t i c ~ ~ ~ J ! ~  by assuming cross- 
links exclusively due to pairwise contacts between polymer 
segments. 

Since microcrystalline junctions must usually involve 
far more than two chains, it was considered useful to extend 
the earlier results (referred to as 11)21 on the basis of the 
relevant statistical treatment of Fukui and YamabeZ2 
(hereafter FY). In this way it was possible to rationalize 
two frequent (but not necessarily universal) experimental 
observations: (1) the critical gel concentration may depend 
only weakly on molecular weight;2 (2) the onset of 
association prior to gelation may be noticeable over only 
a small range of concentration just below the critical value 
(but this is not always the caseZ3vz4). The purpose of the 
present paper is to give a more detailed theoretical 
description of polymer solutions capable of forming gels 
via multichain junctions and to find the common ther- 
modynamic characteristics derived from this multiplicity. 

2. Stoichiometric Definitions 
We consider a polydisperse mixture of functional 

molecules (or primary polymer chains) in a solvent. A 
molecule is distinguished by the number f of the functional 
groups it carries, each functional group being capable of 
taking part in junctions which may bind together any 
number k of such groups. Hereafter we shall call k the 
multiplicity of a junction. In the previous papers, the 
multiplicity was restricted to a single value (2 in I, or s I 
2 in 11) in a given system, in addition to the value k = 1 
representing unreacted groups. We now abandon this 
restriction and allow junctions of all multiplicities to 
coexist, in proportions determined by the thermodynamic 
equilibrium conditions. The number of statistical seg- 
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ments on an f-functional molecule is denoted by rf, and 
is in the present work taken to have a single unique value 
for each functionality. Thus, fluctuations in chemical or 
stereochemical composition of the primary molecules are 
ignored. These could be included easily, but only a t  the 
expense of a more cumbersome notation which does not 
seem worth while for present purposes. 

In thermal equilibrium, the solution has a distribution 
of clusters with a population distribution fixed by the 
equilibrium conditions. Following the FY we 
define a cluster of type (j; n) to consist of nj primary 
molecules of functionality f (f = 1,2,3, ...I and j, junctions 
of multiplicity k (k = 1, 2,3, ...I (see Figure 1). The bold 
letters n = (nl, n2, n3, ...) and j 3 (jl, j2, j3, ...) denote the 
sets of indices. Note that k = 1 indicates unreacted 
functional groups. An isolated molecule of functionality 
f, for instance, is indicated by joj = If, 0, 0, ...), and noj 
(0, ..., 1, 0, ...I. 

Cnf be the total number of primary molecules 
in a cluster. Then the following two independent algebraic 
conservation conditions hold, provided there are no cyclic 
structures: 

Let 1 

One of these relations can be replaced by the useful identity 

Further, let Nj be the total number of primary f- 
functional molecules in the system. The fraction of the 
reactive groups residing on such f-functional primary 
molecules is then 

(2.4) 

To deal with concentrations, we choose the unit of 
volume to be that of a unit cell and we make the customary 
simplifying assumption that the solvent molecules, the 
functional groups and the statistical repeat units of the 
primary chain molecules all occupy this same volume, a3. 
This is not a serious restriction. 
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Huggins theory for multicomponent ~ y s t e m s ~ ~ J *  and 
letting the interaction parameter x be the same for all the 
species. The chosen standard states are pure solvent and 
separated pure unmixed amorphous primary solute spe- 
cies. The free energy change on passing from the standard 
states to the final solution, a t  equilibrium with respect to 
cluster formation, is given by the expressionlP16 

P Q Q 

P 

d A 
Figure 1. Tree formed by trifunctional molecules carrying 
reactive groups capable of forming junctions of variable multi- 
plicity. Open circles show the unreacted groups (k  = 1). The 
multiplicity index of this tree is given by j = (24,7,3,1,0,0, .,.I. 

Thus, if N(j; n) is the number of (j; n) clusters in the 
system, their number density is 

v(j; n) = N(j; n)/Q (2.5) 

where Q is the total number of cells in the system, and 
their volume fraction is 

The total volume fraction of the polymer component is 
thus 

or equally well 

It will also be useful later to consider the total volume 
concentration of functional groups, 

(2.9) 

and the volume fraction of polymers derived from the 
f-functional primary molecules, 

9f = rpf /Q (2.10) 

From (2.4) we easily find 

= C r F 1 w f  = R (2.11a) 

and 

4flG = ‘jflWf (2.1 lb) 

The ratio R gives the average number of statistical 
segments per functional group. 

3. Multiple Equilibria 
3.1. Free Energy of the Mixture. We now consider 

the free energy of the system at  a temperature T and 
polymer volume fraction 9, by applying classical Flory- 

where the subscript zero denotes the solvent, with volume 
fraction 40 = 1 - 4 and 0 l / k ~ T .  The quantity A(j; n) 
involves the free energy change accompanying the forma- 
tion of a (j; n) cluster in a hypothetical undiluted 
amorphous state from the separate primary molecules in 
their standard states (superscript zero): 

We may call it the “internal free energy” of the cluster. 
The mixing entropy and interaction terms in (3.1) are 
recognizable. The final term appears only after the gel 
point is passed and a macroscopic network begins to form; 
it contains the number density vG of f-functional primary 
molecules in the network and tke free-energy change 6f 
produced on bringing an isolated primary molecule into 
the network 

The total volume fraction of the gel is then 

where superscript S denotes the sol. 
The classical Flory-Huggins lattice model is incom- 

pressible, but for real compressible systems the free 
enthalpy change AG should be understood for @in (3.1). 

Now the chemical potentials corresponding to (3.1) are 
given by 

for the solvent, and 

pAp(j; n) = 1 + A(j; n) + In 4(j; n) + 

for a cluster of type (j; n). Here we have introduced the 
number-average polymerization degree of the clusters 

(= 9sIvs before the gel point) (3.7) 

Similarly, the weight-average polymerization degree is 

Now the equilibrium conditions for association 
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lead to the population distribution, 

(3.9) 

with 

In K(j;  n) = 1 - 1 - A(j; n) (3.11) 

In the postgel regime, we have the excess 4G 4 - dS, 
and so differentiation of the free energy leads to the 
chemical potential 

PA$ = bf - r f ( l  - 4 + us - ~4021, (3.12) 

for a chain of f-type in the network. We have an additional 
condition that in equilibrium this must balance with the 
chemical potential A&f; nof) of an isolated molecule: 

A$ = Ap(jof; nof) (3.13) 

or explicitly 

+(job nof) = e+’ (3.14) 

3.2. Internal  Free Energy. As long ago emphasized 
by Flory,lB the conformational entropy of flexible chains 
plays an important role in determining polymerization or 
association equilibria. We therefore evaluate A(j; n) by 
considering the following hypothetical four-step process: 

(a) Select the primary chains which are to be bound 
together into a special (j; n) cluster. 

(b) Bring each selected primary chain separately from 
ita amorphous flexible standard state into the hypothetical 
ordered state described by Flory.l8 

(c) Combine the selected ordered primary chains into 
the specified cluster in its hypothetical ordered “Flory 
Sta te” .  

(d) Disorient the cluster by allowing each of ita parts to 
assume random flexible conformations. 

The first contribution can be taken from FY and reads 

= - ln[w(j; n)/nn+w(iOf;nof)l (3.15) 
f 

where the combinatory factor is given by 

In the derivation20*22 of this factor, each primary chain, 
each functional group, and each junction are first taken 
to be distinguishable, with a subsequent correction for 
indistinguishability, as in “corrected” Boltzmann statistics. 

The second and fourth contribution can be considered 
together, in a direct application of Flory’s procedure.18 
Their importance resides in their dependence on chain 
length if they were ignored, the internal free energy would 
violate the well-established “principle of equal reactivity”, 
according to which the reactivity of a functional group 
must be a local property independent of the size of the 
molecule to which it is attached. This is made clear in 
Flory’s treatment of simple linear polymerization equi- 
libria. 

Going now to the details, we set all molecular symmetry 
numbers equal to unity (the exceptions being highly 

improbable) and replace (as did Flory) the model lattice 
coordination number {by { - 1 for the first bond of each 
chain. This gives 

(3.17) 

and surely overestimates the flexibility in the neighborhood 
of a junction. However, this can be remedied in principle 
by a factor applied to the contribution of step c. Here we 
must consider the actual bond formation (e.g., crystal- 
lization if the junction is amicrocrystallite) which in general 
will involve both enthalpy and entropy changes and would 
include changes in solvation free energy and contributions 
from internal molecular degrees of freedom. Recalling 
that the functional groups were considered as distinguish- 
able in the derivation of eq 3.16 and that the correction 
must be applied only once and is already contained in A,,, 
we find 

where Agi is a function only of the multiplicity k. 
We now add the contributions to A(j; n) from eqs 3.15- 

3.18, and with (3.11) we then obtain the cluster distribution 
constant as 

K(j; n) = 

(3.19) 

Now we compare this result with that of FY, which is 
expressed in terms of the probabilities P k  that a functional 
group is part of a junction of multiplicity k. Their equation 
can be expressed in terms of the number densities as 

Since p1 is the probability that a functional group is 
uncombined, we can write the volume fraction of free 
f-functional molecules as 

$(job nof) = ( r p f / f M 1  f (3.21) 

where use has been made of relations (2.4)-(2.8). Then 
from (3.10) and (3.19) we find complete agreement of (3.20) 
with (3.19), provided that 

(3.22) k-1 k 
P k = K k $  P1 

with 

K k  = ( 5  - eXp(-fi&i) (3.23) 

The equilibrium condition (3.22) was earlier presented in 
I1 without derivation. 

3.3. Special Cases. For sufficiently large junction 
multiplicity we may expect a constant increment in the 
binding free energy for each functional group added to a 
junction. Thus, for large k we could put 

47:  = (k - l)g, (3.24) 

This would be a poor approximation for small multiplicity 
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(e.g., a crystallite with both surface and bulk contributions 
to the free energy of crystallization), and more generally, 
we should write 
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composition {4f), we find the number density (and hence 
the volume fraction) of the (j; n) clusters through the 
relation (3.27). Their chemical potentials (3.61, together 
with the solvent chemical potential (3.51, then provide the 
starting point for the study of the solution properties. 

where 

and the factor ’ yk  approaches unity for large k. In many 
of the calculations to follow, we shall set Yk equal to unity 
for all k, confident that this useful simplification will not 
affect our qualitative conclusions. If we make this 
approximation, the distribution law can be expressed in 
the simpler form 

where renormalized concentrations of isolated molecules 
are defined by 

xf = fX(T)v(j,; nor) (3.28) 

In I, the special analog of A( 7‘) was called a temperature 
shift factor, since it always accompanies and rescales the 
concentration variables. 

If we specialize the case of a single primary f-functional 
species and allow a single multiplicity k = s, we have 
algebraic relationsjl = [(f‘s’- 111 + sl/s’and j s  = (1 - l)/s’, 
where f‘ = f - 1 and s’ = s - 1. Equation 3.27 then reduces 
to 

In the presence of only binary (s = 2) junctions, this 
equation still further reduces to 

A ( T ) u ( j ;  n) = ( f l -  l)!x’/l!(fl- 21 + 2)! (3.30) 

which is the classica120 result that was used in earlier 
papers1616 to treat gelation and phase equilibria, although 
without regard to the contribution of the disorientation 
entropy. 

The total number of clusters per unit cell is given by the 
sum uS( {x ] )  = Cj,,v(j; n), and also the volume fraction of 
the (j; n) clusters can be found from eq 2.6. In the pregel 
regime the total volume fraction 9 is given by the sum 
@ ( ( x ) )  = &,&(j; n), but in the postgel regime the excess 
amount of eq 3.4 gives the volume fraction of the gel 
network. Following the strategy developed in the previous 
work,l6 we express the volume fractions of the primary 
molecules in terms of the known amount $,of f-functional 
molecules (which is fixed by the sample composition). In 
the postgel regime, this is done by solving a set of equations 

rf(aus/axf)xf = 9f (3.31) 

for all f s  with respect to xf .  As soon as a network appears, 
however, they are fixed to be 

r;(T) = [ f i (T ) / r f1  - 1) (3.32) 

thanks to the additional balance condition (3.14), and 
hence 9 is also fixed as u * ( T )  uS((x*)). Upon finding the 
solution xf as functions of the experimentally controllable 

4. Sol/Gel Transition 

For the general case of multifunctional junctions, FY 
gave the condition for gelation (appearance of macroscopic 
trees) as 

where 

f, = C f W f  (4.2) 

the weight-average functionality of primary molecules, and 

(4.3) 

The junction probabilities Pk are given by eq 3.22 and 
obey the normalization condition 

P =  (4.4) 

Thus, from the condition (4.1) one can specify the 
concentration #* a t  the gel point in terms of the association 
constants&. It may be remarked that (4.1) can be directly 
derived by a straightforward extension of Flory’s original 
argumentlg about the gel point. 

Upon substitution of eq 3.22 for Pk with Kk being eq 
3.25 into the normalization condition (4.41, we find 

where 

z = h<??$P, (4.5b) 

is the (scaled) number of unreacted functional groups, 
and a new function u(z) is defined by 

(4.6) 

The relation (4.51, when inverted, gives z as a function of 
the temperature and the concentration. The number 
density xf of the isolated f-functional molecules is then 
expressed in terms of them through the relation 

Xf = w@&)f (4.7) 

In order to find the average cluster size, we next consider 
the moment I.C, of (4.3) which relates to the average 
multiplicity of the junctions. I t  is given by 

p,(z) = 1 + zu’(z)/u(z) (4.8) 

in terms of the function u and its derivative u’. Similarly, 
the number-average Pn, which is defined by Pel, E (Cpk/k)-l, 
is expressed as 

Pn(Z) = u(z) / l ( z )  (4.9) 
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where a new function I(z) is defined by the integral of u(z) 
as 
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regime. The chemical potential (per monomeric unit) of 
an f-functional molecule, whether in a cluster or isolated, 
is given by 

P A P f  = cf + [In z - f In u(z)]/rf + 4 - u(4,  n + x(1- $1’ 
(5.2) 

thanks to the multiple equilibrium conditions (3.9), where 
f’ E f - 1, and c p  [1+ lnrpof/fX(T))l/rfis the concentration- 
independent part. In deriving this equation, the relation 

4(jof, nor) = ( r , q / f~ )z /u (z )~  (5.3) 

which connects the volume fraction of the isolated 
molecules to z ,  has been used. The coexistence curve (or 
binodal) for a dilute phase with volume fraction 4’ to be 
in an equilibrium with a concentrated phase with volume 
fraction 4” is given by the coupled equations 

AClO(4’9 n = AClo(4”, n (5.4a) 

A~lff(4’, T )  A~lf(4”, ‘T1 (5.4b) 

If the higher-concentration phase lies in the postgel regime, 
the postgel form of u must be employed in the chemical 
potentials. These equilibrium conditions determine, when 
coupled together for all existing functionalities f, the total 
volume fraction 4’ and 4” in each phase as well as the 
molecular distributions w‘ and w; in them. In most of the 
numerical examples to fohow, we do not give the binodal 
curve, but the more easily computed spinodals, defined 
by (5.15) below. 

5.2. Osmotic Pressure and Osmotic Compress- 
ibility. The osmotic pressure ?F is directly related to the 
solvent chemical potential through the relation 7ra3 = -AhuO. 
Hence we have 

FY expressed the average cluster size in terms of these 
moments. The result is 

for the weight-average and number-average cluster size. 
These relations enable us to express in terms of the 
thermodynamic variables all important solution properties, 
such as the gelation concentration, chemical potentials, 
the osmotic pressure, and the osmotic compressibility. 

At  gelation where eq 4.1 is satisfied, the effective number 
z of the unreacted functional groups must satisfy the 
condition 

d In u(z)/d In z = l/(f, - 1) (4.12) 

Let us denote the solution of this equation as z = z*. Then, 
the critical volume fraction 4*, as a function of the 
temperature must satisfy 

X(T)4* = Rz*u(z*) (4.13) 

due to the relation (4.5). This relation gives the phase 
boundary between the sol and the gel on the temperature- 
concentration plane. In the pregel regime (z  < z * ) ,  where 
the entire system consists of finite clusters, the total 
number u of clusters in a unit cell is given by u = us E 4/Dn, 
and hence, 

us(4,n = z[(l/fn - l)u(z) + I (z)I /Wn (4.14) 

In the postgel regime, the total solute volume fraction 4 
is larger than $*, and the excess amount 4 - 4* is absorbed 
into the network, while the concentration z of the unreacted 
functional groups remains a t  a constant value z*.  The 
volume fraction of the unreacted molecules also remains 
constant. Therefore the number concentration u of the 
finite clusters in the sol phase takes a value 

u*(n = Z*[(l/f, - ~)u(z*)  + I(z*)I/X(T) (4.15) 

which depends only on the temperature. As already 
remarked in I, the above treatment of the postgel regime 
corresponds to the strict absence of cyclic structures even 
in the ge1.20 The alternative treatment of Flory,lg which 
permits cycles within the gel structures but not in the 
finite clusters of the sol, will not be considered in this 
paper. Postgel point networks with junctions of arbitrary 
multiplicity have been considered from the Flory viewpoint 
by Pearson and Graes~ ley .~~  

5. Solution Properties 
5.1. Phase Equilibria. Having found the general 

features of the gelation transition, we now proceed to the 
study of the solution properties. The solvent chemical 
potential (3.5) is transformed into 

(5.1) 

over the entire (4, 2‘) plane, where u(4 ,  2‘) = @(4, 2‘) in 
the pregel regime, while u ( 4 ,  T )  = u*(r) in the postgel 

PAP, = - 4) + 4 - 44, T )  + ~4~ 

aa38 = - In(1- 4) - 4 + u ( 4 ,  Z“) - x@ (5.5) 

In the dilute region, this can be expanded in powers of the 
concentration. To find the coefficients of this power series 
(uirial expansion), let us first solve the relation (4.5) with 
respect to z in powers of the volume fraction 4 and then 
substitute the result into the term z I ( z )  in the right hand 
side of the number concentration 9 given by (4.14). This 
is similar to the problem we encountered in the theory of 
condensation of a gas. If we compare our problem with 
the cluster expansion theory developed by Mayer,2e we 
recognize that the Coefficients in the power series of z l ( z )  
can be expressed in terms of the irreducible cluster 
coefficients @k constructed from the coefficients bk Y k / k .  
The result is 

For instance, we have 

@1 = Y2 & = Y 3  - 72212 

P 3  = 2 ( ~ 4  - 6 ~ 2 ~ 3  + 7~,3) /3  (5.7) 

for the first three irreducible coefficients. Upon substitu- 
tion of this result into 7r, and using 4(= R3/) in favor of $, 
we obtain the virial series for the osmotic pressure: 

m 

7r/3a3 = CA,~” 
n=l  

(5.8) 
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where 
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d4, T )  = 0 (5.15) 

We observe that the singularity in KT is enhanced near 
the spinodal line because of the factor u* in the denomi- 
nator of (5.14). Further, for such strictly binary systems, 
the critical solution point, if it exists in the pregel regime, 
can be found with the aid of the additional condition #AM/ 

= 0 and is given explicitly by 

D&#JJ/~w(4c)z = 4:/0 - 4 y  (5.16) As was remarked in 11, the correction to the second virial 
coefficient is due to the existence of binary junctions ( k  
= 2), and should vanish if yz in (3.25) were made to vanish. 
Thus association does not affect the second virial coef- 
ficient if there is no binary cross-linking. The frequently 
observed sudden gelation in physical gels without precursor 
suggests the dominance of high-junction multiplicity in 
the case of microcrystalline cross-linking. 

We next define the dimensionless isothermal osmotic 
compressibility KT by the equation 

K ,  = (kBT/a3)(d4/dd,/@ (5.10) 

Taking the derivative of the osmotic pressure, we find 

K ,  = 1/4244,  0 (5.11) 

where the function u is given by 

2 X  (5.12a) 1 u(4, 'I? = - + - 
D ( z ) 4  1 - 4  

Here a new function D ( z )  without subscript, being defined 
by 

D ( z )  E R/[llW, + l/f, - 11 (5.12 b) 

has appeared. It agrees with the weight average D,(z) for 
monodisperse primary chains, and becomes infinite a t  
gelation. For a system of polydisperse primary chains for 
which fw > f n  holds, however, it remains finite; in fact we 
have D(z*) = ( f ,  - f n ) R / f w f n  - O(fw - f,). Since we have 
u(4, 2') = 1/(1- 4) - 2x in the postgel regime, the osmotic 
compressibility shows a finite discontinuity a t  gelation, 
the amount of which is given by 

h[K,I -D(z*)l4* - OCf,-f,) (5.13) 

where the symbol A indicates the difference between the 
two limiting values of the argument taken at the gelation 
concentration from above and from below. Since the 
osmotic compressibility-which is one of the second 
derivatives of the free energy-jumps at  gelation, the 
reversible gelation of polydisperse primary chains is 
categorized as a second-order transition in Ehrenfest's 
sense.27 On the contrary, KT for monodisperse polymer 
chains is a continuous function of the concentration at  
gelation as the weight-average cluster size diverges; it 
approaches a finite value Kk 3 l/[(l- @*)-I - 2xI~$*~ with 
a finite slope, and then decreases with a different slope. 
It thus exhibits a cusp-shaped singularity at the gel point. 
The discontinuity in the slope at gelation is given by 

A[d In KT/dol = -A[dp:/d@l/R~*@* (5.14) 

and the sol-to-gel transition becomes a third-order transi- 
tion. 

For monodisperse primary chains we have a strictly two- 
component system, and the thermodynamic stability limit 
(spinoda?) is given by 

For systems with polydisperse primary chains, the spinodal 
and critical conditions have to be determined from the 
appropriate Gibbs determinants.28 They will not be 
further considered in this paper. 

6. Junctions of Fixed Multiplicity 
Several special models of junctions are now presented 

to illustrate the above results and will also be used in the 
phase-equilibrium calculations to follow. 

The first model we consider is the one in which a single 
values (22) of the junction multiplicity is allowed ("fixed- 
multiplicity model"). We have k = 1 (free) and k = s 
(reacted), all other Yk being zero. This is a rather extreme 
case, but the model provides an obvious advantage in 
clarifying the effect of multiplicity on the thermal proper- 
ties of physical gels. When s = 2, the model reduces to 
the case of pairwise cross-linking, whose solution properties 
were already studied in I. 

From the definitions we have 

u(z) = 1 + 2' and I(z) = 1 + s-lz" (6.1) 

where s' = s - 1. We must now solve the equation 

z ( l  + 2") = xcn+ (6.2) 

with respect to z. In such a fixed-multiplicity model, one 
can alternatively use as an independent variable the 
probability p s  for a functional group to be in a junction. 
Let us write p s  a. We then have p1 = 1 - a by 
normalization. Since z = (1 - a)X+ by definition, the 
relation (6.2), combined with (6.1), gives u(z) = 1/(1- a) 
or, equivalently, zs' = a / ( l  - a). Similarly, the integral of 
u is expressed as I ( z )  = [l - (s'/s)aI/(l - a). The 
equilibrium condition (4.5) then takes the form 

a / ( l  - = [ A ( T ) + I S '  (6.3) 

It is now straightforward to calculate average quantities. 
which was already derived in 11. 

We find 

p, = 1 + s'a and p,, = 1/(1- s'a/s) (6.4) 

and 

D, = R/[1/(1 + S'CY) + l/f, - 11 

D, = R / ( l / f ,  - S ' a / S )  

(6.5a) 

(6.5b) 

so that we have 

We next find the critical values of physical quantities 
a t  gelation. Since (4.1) holds at gelation, we have p i  = 
fw/(fw - 1) and hence 
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a* = l/s’(f, - 1) (6.7) 

which of course reduces to Flory’s classical relation for s 
= 2. The critical gel volume fraction satisfies the relation 

A(T)@* = Rs’(fW - l)/[~’(f, - 1) - l]s/’’ (6.8) 

or, equivalently, 

A(T)v*  = s’[s(~, - 1) - f,]/sfn[d(fW - 1) - 118’s’ (6.9) 

for the number density. This equation determines the 
sol/gel transition line on the temperature-concentration 
plane. It is a steadily increasing function of temperature. 

We next proceed to the study of phase equilibria. The 
chemical potential of each species, written in terms of the 
reactivity a, takes the form 

pAp0 = ln(1- 4) + 4 + - v(4, 2‘) (6.10a) 

for the solvent and 

p ~ p ~  = cf + [In 4 + f In(1- a)1/rf + 4 + X U  - 412 - 
44,  Ir, (6.10b) 

for the f-functional molecules, where v ( 4 ,  T) vs($, 130 
(4* - 4) + v*O(4 - 4*), O being the step function. 

The function u(4, T),  which is proportional to the 
reciprocal of the osmotic compressibility, can be written 
as 

in the pregel regime, and 

(6.11b) 

in the postgel regime. For monodisperse system with a 
single f ,  the discontinuity in the slope of the compressibility 
tit gelation then takes the value 

A[d In KT/B41 = -d2f3a*(l - ( Y * ) / R C T * ~ * ’ ( ~ ‘ ) ~  (6.12) 

In the following numerical calculation of the phase 
diagrams, we consider only monodisperse systems in which 
all solute molecules have a single number r of monomeric 
units and carry a single functionality f. Effects of 
polydispersity on the phase equilibria will be studied in 
a separate paper. In such a monodisperse system a cluster 
is specified by the number nf = 1 of molecules it contains. 
We have simply fw = f, = f and R = r/f; the conversion 
factor R reduces in this case to the number of monomeric 
units per functional group on a molecule. The gelation 
concentration is given by 

A(T)#*  = rf’s’/f(f‘s’ - 1)”’’ (6.13) 

as was discussed in 11. 
The calculation of phase equilibria in the (T, 4) plane 

involves two different functions of temperature: the 
equilibrium constant X(T)  and the interaction parameter 
x. They are most compactly presented in terms of the 
familiar reduced temperature relative to the unperturbed 
8 temperature, 

7 = i - e / ~  (6.14) 

and we then have” 

x = 1/2 - g17 (6.15) 

where $1 is a number of order unity related to the entropy 
of solution. The temperature shift factor (3.26) is 

A(T)  = ( l -  1) exp(ASdkB) exp(-j3Ae) (6.16) 

where AS0 and At are the entropyand energy contribution 
to Ago,  and this may be rewritten as 

A(T)  = A, exp[K(l - 7)1 (6.17) 

with 

K = -Ac/kB8 (6.18b) 

Throughout the calculations to follow, we fix $1 = 1 while 
varying the other parameters to see their effects. 

Figure 2 shows the phase diagram for a fixed-multiplicity 
model with K = 4, r = 100, and A,-, = 10. The solid lines 
show the stability limit (spinodals) defined by the 
condition (5.151, and the broken lines, the sol/gel transition. 
The critical solution points (CP) are indicated by open 
circles. The multiplicity s is varied from curve to curve. 
The intersection between the spinodal curve and the 
gelation curve may be considered as a certain kind of 
critical end point (CEP) or a tricritical point (TCP),29-31 
depending on the relative positions of the intersection 
and the CP. It should, however, be emphasized that the 
third-order sol/gel transition is not an ordinary two-phase 
equilibrium, since sol and gel do not separate from each 
other; it might better be regarded as an order-disorder 
transition within a single phase. The spinodal, on the 
other hand, refers to afirst-order liquid/liquid equilibrium. 
Accordingly, we use the terms “quasi-TCP” and ”quasi- 
CEP” to denote the phenomena described above. 

In Figure 2, as s is increased, the intersection on the 
shoulder of the spinodal approaches CP and eventually 
hits the CP at a certain value of s. In this figure this 
particular situation (hereafter called the marginal situ- 
ation) occurs a t  s = 5. Below this critical value of s (referred 
to as the submarginal regime) the intersection of the two 
lines gives a quasi-CEP-the gelation concentration 
coexisting with a sol phase-while it gives a quasi-TCP 
above the critical s (referred to as the supermarginal 
regime). There are no CP’s in the supermarginal regime, 
and the gelation line remains at  finite concentration even 
for infinitely large s. The part of the transition line lying 
inside the biphasic region has physical significance only 
in nonequilibrium states. 

7. Junctions of Variable Multiplicity 
We now allow junctions to take a wide range of 

multiplicities. Figure 3 depicts two typical examples of 
polymeric gels with variable multiplicity. The top figure 
shows a gel network formed by crystalline segments, each 
having a sequence of r, statistical units, together with the 
multiplicity number beside the junctions. (The length r, 
of the microcrystallite agrees with the conversion factor 
R in this case.) The bottom figure shows a network formed 
by functional groups attached to the chain ends, together 
with the junction multiplicity. 

7.1. Junctions Which Allow Multiplicity Larger 
Than a Fixed Value. In order to see the effect of variable 
multiplicity, let us introduce a model system in which 
junctions of multiplicitygreater than so are allowed. When 
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Figure 2. Phase diagram (reduced temperature T against volume 
fraction 4) of reversible gels with a fixed junction multiplicity. 
Solid lines show the spinodals, and broken lines, the gelation 
transition. The multiplicitys isvaried from curve to curve. Open 
circles are critical solution points. Tricritical points appear above 
the marginal value s = 5. The other parameters are fixed at K 
= 4, r = 100, and 

SO = 2, junctions of all multiplicities can coexist a t  relative 
amounts determined by the thermodynamic balance. 
However, in the case of microcrystalline junctions, for 
instance, it is natural to assume that a minimum number 
SO (>2) of chains is required for junction formation. This 
is because the surface energy terms will prevent small4 
units from being stable. 

= 10. 

We have, for such a model, 

Macromolecules, Vol. 27, No. 14, 1994 

and 

s‘o-1 

I ( z )  = -[ln(l - z ) ] / z  - z zk-’/(k + 1) (7.2) 

where the simple form (3.24) has been employed. The 
parameter z is a function of the volume fraction through 
the relation (4.13), and the critical condition is determined 
from (4.12) by the algebraic equation 

[(s; - iicf, - 1) - 1 1 ~ ~ 0 -  [S;V, - 1) - 1 1 ~ ~ ’ o  + (1 - z12 = o 
(7.3) 

The root z* of this equation gives the gelation concentra- 
tion when substituted into (4.13). For the unconstrained 
multiplicity model (SO = 21, this equation reduces to 

(7.4) VT)$* = R / ( f ,  - 1) 

Figure 4 shows the scaled gelation concentration h#*/r 
as a function of the minimum multiplicity SO for the 
monodisperse system with a single functionality f and a 
single molecular weight r, so that R = r / f .  The functionality 
f is varied from curve to curve. Filled circles indicate values 
for the unconstrained multiplicity model. The curve for 
f = 3 starts from llfcf- 1) = 0.166 667 at  SO = 2, takes a 
smaller value 2(& - 2)/3 = 0.157 38 at  SO = 3, and then 
steadily increases with SO; for higher f ,  the curves increase 
monotonically. 

Figure 5 shows typical phase diagrams for gels with a 
minimum multiplicity. The relevant parameters are fixed 
as K = 3, r = 500, f = 50, and X, = 1, so that the average 
monomer sequence length in a junction is given by rc = 
10. The value of minimum multiplicity SO is varied from 
2 to 6. As SO increases, the spinodal and the gelation line 
both shift toward the low-temperature and high-concen- 

1 b l  
Figure 3. Two typical physical gels with junctions of variable 
multiplicity. A network with junction zones formed by the 
crystalline segments (top figure) and a network formed by the 
end-functional groups (bottom figure) are schematically drawn. 
The figures beside the junctions show their multiplicity. 

tration region. Parts a-c of Figure 6 show the effects of 
changing the parameter AO on both binodals and spinodals, 
in this case for a system with SO = 2 and low primary 
molecular weight ( r  = 3) and functionality cf = 3). The 
relative binding energy is fixed at  K = 2. For this one 
example, the asymptotic expressions (section 8) were used, 
to simplify calculations. 

7.2. Saturating Junctions. When the association 
force has a saturating nature, the number of functional 
groups in a junction is limited below a certain maximum 
value sm. Junctions formed by dipole aggregation and 
micellization of hydrophobic polymer segments, for in- 
stance, belong to this important category. 

The function u for a saturating junction takes the form 

The critical value of z at  gelation is now found from the 
equation 

(7.6) 

All other solution properties are derived by the general 
method developed above. 

Figure 7 shows the scaled gelation concentration as a 
function of the maximum multiplicity s, for a monodis- 
perse system. The functionality f is varied from curve to 
curve. Filled circles indicate the values of the pairwise- 
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Figure 4. Reduced gelation concentrations X(T)4* / r  as functions 
of the minimum junction multiplicity SO. The functionality f is 
changed from curve to curve. The filled circles show gelation 
concentrations for the unconstrainedly-variable multiplicity 
model. 
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Figure 5. Phase diagrams of physical gels with a minimum 
junction multiplicity. Spinodals and gelation lines are shown 
for crystalline polymers with minimum length rc = 10 of 
crystallization cf = 50, r = 500, K = 3, AX, = 1). 

junction models. The concentration for large sm ap- 
proaches the limiting value of the unconstrained multi- 
plicity model which was shown by the filled circles in Figure 
4. 

Figure 8 shows the phase diagram of a physical gel 
formed by the association of functional groups attached 
to the chain ends cf = 2 and r = 100). In this case it is 
difficult for a functional group to join in a large junction 
around which the chain segments are densely packed, thus 
revealing the saturating nature. The entropy parameter 
is fixed as A0 = 10. The topological structure of the phase 
diagram is the same as that in Figure 5. 

Figure 9 shows the cusp-shaped singularities in the 
osmotic compressibility of the same system. The com- 
pressibility for sm = 5 is plotted on a logarithmic scale 
against the concentration. The temperature is varied from 
curve to curve near the TCP to see how the singularlity 
grows as the system approaches the TCP (which itself lies 
on the spinodal). 

1 9 0 0.5 

z 

-0.5 1 

1 9 0 0.5 

z 
0 / ' I " "  

/ 
TCP ,' 

-0.5 

0 1 9 0.5 

Figure 6. Phase diagrams (approximate) for low-molecular- 
weight gels with junctions of unrestricted multiplicity. The fixed 
parameters are r = 3, f = 3, and K = 2. Key: binodals (outer solid 
curves), spinodals (inner solid curves), unstable regions (shaded 
area), and the gelation transition (dashed curve). (a, top) 
Submarginal regime, X, = 5: (open circle) critical solution point; 
(filled circle) critical end point. (b, middle) At marginality, X, 
= 20, showing a tricritical point. (c, bottom) Supermarginal 
regime, = 40. 

8. Asymptotic Solution and Universal Nature of 
the Gelation Transition 

For several purposes it is useful to display the asymptotic 
form of the distribution for very large clusters, as developed 
by FY with the method of steepest descents. The result 
is that eq 3.27 can be written for large 1 as 

where a polynomial h(z) is defined by 
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Figure 7. Reduced gelation concentrations as functions of the 
maximum junction multiplicity s,. The functionality fis changed 
from curve to curve. The filled circles show gelation concentra- 
tions for pairwise association. 
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Figure 8. Phase diagrams of end-functional polymeric gels 
formed by junctions with a maximum multiplicity 8,. The 
maximum multiplicity is varied from curve to curve. The other 
parameters are fixed at f = 2, r = 100, K = 5, and 

with 

= 10. 

(8.3) 

This function u(z) has already appeared in our rigorous 
treatment given in section 3. The prefactor A in this 
asymptotic form comes from Gaussian integration along 
the path of steepest descent and is given by 

A ( @ ) )  E zou’(~0)/[2~h’’(~0)/h(~O)11’2 (8.4) 

The special value zo is the root of the saddle-point condition 

h(z)  - zh’(z) = 0, (8.5) 

and is a function of the concentrations ( x ) .  For a 
monodisperse system for which only a single f is allowed, 
this equation reduces to the gelation condition (4.12) (with 
fw replaced by f l ,  and hence we have zo = z* .  In the 
reminder of this section, we limit our arguments to the 

t 
5 1  ” ’ ” ” ” 

0.10 d 0 0.05 

Figure 9. Osmotic compressibility of end-functional polymeric 
gels as a function of concentration. The temperature is varied 
from curve to curve near the tricritical point. At gelation, the 
compressibility exhibits a cusp-shapedsingularlty. It is enhanced 
as the temperature approaches the tricritical temperature. The 
other parameters are the same as in Figure 8. 

case of monodisperse chains. For a single f ,  we have h(z) 
= xu(z)P, and zo is given by the unique root of the equation 

(8.6) 

which is the same as the result of (4.1)-(4.3). This is to 
be expected, since the asymptotic form must give the 
correct description of the largest clusters. 

We then find h(zo)/zo = t x ,  where 

4 = u(zo ) f - l / zo  (8.7) 

The prefactor can be rewritten as 

and is now a constant which depends only on f and the 
junction multiplicity. 

At  this point we may remind the reader that the 
exponent of I-’ in eq (8.1), T = 5/2, is characteristic of all 
classical Bethe-lattice gelation theories. According to 
percolation theorys2 we should expect 7 = 2.20, while two 
recent careful experimental studies on polyesters%*% have 
yielded T = 2.29 & 0.03 and 7 = 2.35 f 0.03. Our remarks 
below on the nature of the transition are not altered by 
these differences. 

Now from eq 2.6 we have 91 = rlvl, and so the total 
volume fraction of clusters in the sol phase is then given 
by 

x ( T ) + ~ ( ~ )  r-4+$12; 5%) (8.9) 

where new functions +@; y )  are defined by 

(8.10) 

These functions, with a radius of convergence y = 1, are 
well-known, for p = 3/2 and 9 2 ,  in the expressions for the 
density and pressure of an ideal Bose-Einstein gas. They 
also appear in the theory of ring-chain equilibria of linear 
polycondensates, and in this context are sometimes called 
Truesdell functions after a special study36 of their proper- 
ties. 
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is given by 
Similarly, the total number concentration of clusters VS 

x(T)v%)  = A@(~/,; (8.11) 

and hence the number-average molecular weight of the 
clusters (3.7) takes the form 

Thermoreversible Gelation 3953 

(8.12) 

In a similar way, the weight-average molecular weight of 
the clusters (3.8) can be evaluated as 

(8.13) 

As [ x  approaches unity, @(3/2; [ x )  and @(5/2; [ x )  converge 
to the finite values 1(3/2) = 2.612 and 1(5/2) = 1.341, 
respectively, but @(l/z; [ x )  diverges. This fact indicates 
that the condition [ x  = 1 defines the gelation point. The 
volume concentration of the clusters a t  this point takes 
the value 

~ n 4 *  = t(3/2)r~(x*) (8.14) 

where x* l/[. Because A(x*) depends only on f (in fact, 
it is independent of x* for the monodisperse case), this 
relation gives the phase boundary between the sol and the 
gel on the temperature-concentration plane. For con- 
centrations larger than 4, the excess amount 4 - 4* is 
absorbed into the network, while the concentration of the 
isolated molecules stays a t  a constant value x * .  The 
number concentration of the clusters in the sol phase stays 
at a constant value v* = l(6/2)A/X( 2‘‘). As already remarked 
in I, the above treatment of the postgel regime corresponds 
to the strict absence of cyclic structures even in the 
The alternative treatment of Flory,lg which permits cycles 
within the gel structures but not in the finite molecules 
of the sol, will not be considered in this paper. 

In order to study the behavior of physical quantities 
near the gelation threshold, let us employ the following 
asymptotic forms of the relevant Truesdell functions near 
the radius of convergence y = 1: 

y) = A/(l - yI1/2 (8.15a) 

y) {(3/2) - 2&(1- y)1/2 (8.15b) 

@(5/2; Y )  = 1(5/2) - r(3/2)(1 - Y )  (8.15~) 

Note that @(l/2; y) diverges a t  y = 1, while the other two 
remain finite. Inversion of the relation (8.9) then yields 
the equation 1 - [ x  = [M3/d - X4/rA12/4?r for the 
concentration of the isolated chains. Hence we find that 
the weight-average mean cluster size takes the form 

(8.16) 

near the gelation concentration, thus giving the classic 
scaling exponent. Similarly, we can easily find that the 
ratio DJDw2 takes the finite value t(3/2)2/2~r, where D, is 
the z-average cluster size. 

We may remark that if the exponent of (4* - 4) in (8.16) 
is changed from -1 to the percolation value32 of -1.7, the 
discontinuity of slope at  the gel point on the spinodal line 

(as for example in Figures 2, 5, 6, and 8) is removed, 
although the curvature remains large. 

We next consider the osmotic compressibility. As was 
pointed out in the preceding section, the derivative of the 
function a(T, 4) is discontinuous a t  gelation. Employment 
of the form (8.15) for the function @(l/2; y), which 
characterizes the divergence of the weight average, gives 
a positive amount of discontinuity A(du/d+) (da/d4)+ - 
(da/d4)- = f(3/2)2/2~r4*2 and hence leads to the relation 

A(d In Kdt34) = -[t(3/2)2/2?rrlgT (8.17) 

for the logarithmic derivative of the compressibility. This 
discontinuity is tiny for long polymer chains at almost all 
concentrations, but it is drastically enhanced near the 
spinodal line on which I(.T diverges. 

We can also examine the accuracy of the asymptotic 
evaluation, for which the reduced value of the gelation 
concentration A(T)d*/r is given by 

Since zo = z* for a monodisperse system, the ratio of this 
approximate value to the true one z*u(z*)/f becomes 

f u‘(z * ) 
[f‘{(f‘ - 1)U’(Z*l2 + u(z*)u”(z*))11/2 

-= (4)wm 1.042 
(4)eXnct 

(8.19) 

For large f ,  therefore, the ratio is very close to unity, 
independent of the junction multiplicity, provided that 
the second term in the denominator can be neglected. 

8.1. Junctions with a Fixed Multiplicity. In this 
model (cf. section 6), we have h(z) = x(1 + z8‘)f‘. The 
saddle point is given by zo = (f‘s’ - l)+’. Straightfor- 
ward calculation leads to 

and 

for the relevant parameters. Hence, with the help of eq 
8.14, we have 

X(T)d* N 1.042r~’(f‘)’/~/(f‘s’ - 1)3/2+’/8’ (8.22) 

For a very large aggregation number s’ >> 1, the critical 
concentration is proportional to r / f ‘ f i .  In the physical 
gelation of primary polymer chains via cross-linking by 
segment crystallization, the functionality f is expected to 
be proportional to the molecular weight r ,  and therefore, 
the gelation concentration $* in this limit is independent 
of the molecular weight. This limit is actually seen in 
some of the experimental results of Domszy et aL2 In the 
case of the gelation by the association of the end-functional 
groups, the functionality is fixed to be f = 2, and hence 

We now compare this approximate result with the exact 
value (6.8) of the gelation criterion. The latter reduces to 

X(!@#J* = rf’s’/f(f‘s’ - 1)1+1’*’ (8.23) 

4* N r / ( s  - 1)(8+1)/2(8-1). 

for a monodisperse system, and we find 



3954 Tanaka and Stockmayer Macromolecules, Vol. 27, No. 14, 1994 

Further modifications in the present theory would 
involve (1) some allowance for cyclic structures, possibly 
by the “spanning tree” approximation of Gordon and 
Scantlebury,4O and (2) calculations of structure factors, 
possibly by an extension of the methods of Dobson and 
Gordon,4l and aided by a random phase approximation. 
It is hoped to pursue these topics in later publications. We 
intend also to investigate the effects of using Flory’s 
approximation for postgel relationships, as well as to 
attempt a more detailed comparison with experimental 
data. 
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