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ABSTRACT: This paper presents a molecular theory of the thermodynamic properties of reversible gels
whose junctions are formed by the clustering of an arbitrary number of associating groups, or segments, on
the constituent molecules (or primary chains for polymericgels). Cross-linking by the microcrystalline segments
onthe polymer chains or by associating groups attached to the chain ends are examples. We focus our interest
specifically on the interference between gelation and two-phase separation. We study how these transitions
depend on the molecular weight, functionality, and the aggregation number (multiplicity) of the network

junctions.

1. Introduction

The cross-links in thermoreversible gels may involve
crystallization of chain segments!-4 or other types of
association.® A large body of experimental data now
exists®® but there is room for further theoretical study.
In general, such reversible gel formation is essentially an
equilibrium phenomenon.!%-13 In this paper, we extend
previous studies(I)4-18 of such equilibrium and of the
possible interference between gelation and liquid-liquid
phase separation. In the earlier work (referred to as I),
standard Flory-Huggins solution theory!"8 was combined
with the standard tree statistics'®20 by assuming cross-
links exclusively due to pairwise contacts between polymer
segments.

Since microcrystalline junctions must usually involve
far more than two chains, it was considered useful to extend
the earlier results (referred to as II)2! on the basis of the
relevant statistical treatment of Fukui and Yamabe??
(hereafter FY). In this way it was possible to rationalize
two frequent (but not necessarily universal) experimental
observations: (1) the critical gel concentration may depend
only weakly on molecular weight;2 (2) the onset of
association prior to gelation may be noticeable over only
asmall range of concentration just below the critical value
(but this is not always the case?®24). The purpose of the
present paper is to give a more detailed theoretical
description of polymer solutions capable of forming gels
via multichain junctions and to find the common ther-
modynamic characteristics derived from this multiplicity.

2. Stoichiometric Definitions

We consider a polydisperse mixture of functional
molecules (or primary polymer chains) in a solvent. A
molecule is distinguished by the number f of the functional
groups it carries, each functional group being capable of
taking part in junctions which may bind together any
number k of such groups. Hereafter we shall call £ the
multiplicity of a junction. In the previous papers, the
multiplicity was restricted to a single value (2in I, ors =
2 in II) in a given system, in addition to the value £ = 1
representing unreacted groups. We now abandon this
restriction and allow junctions of all multiplicities to
coexist, in proportions determined by the thermodynamic
equilibrium conditions. The number of statistical seg-
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ments on an f-functional molecule is denoted by ry, and
is in the present work taken to have a single unique value
for each functionality. Thus, fluctuations in chemical or
stereochemical composition of the primary molecules are
ignored. These could be included easily, but only at the
expense of a more cumbersome notation which does not
seem worth while for present purposes.

In thermal equilibrium, the solution has a distribution
of clusters with a population distribution fixed by the
equilibrium conditions. Following the FY notation,?2 we
define a cluster of type (J; n) to consist of ns primary
molecules of functionality f (f = 1, 2, 3, ...) and j,, junctions
of multiplicity k (k = 1, 2, 3, ...) (see Figure 1). The bold
letters n = {ny, ny, ng, ...} and j = {4, jo, Js, ...} denote the
sets of indices. Note that & = 1 indicates unreacted
functional groups. An isolated molecule of functionality
f, for instance, is indicated by jos = {f, 0, 0, ...}, and nys =
{0, .., 1,0, ...

Let ! = Lny be the total number of primary molecules
inacluster. Then the following two independent algebraic
conservation conditions hold, provided there are no cyclic
structures:

Yon=l=Y (k-Dj,+1 2.1)

Y= F-Dng+1 2.2)

One of these relations can be replaced by the useful identity

Y kiy=_fn, 2.3)

Further, let N; be the total number of primary f-
functional molecules in the system. The fraction of the
reactive groups residing on such f-functional primary
molecules is then

w; = N/ _fN)) 2.4)

To deal with concentrations, we choose the unit of
volume to be that of a unit cell and we make the customary
simplifying assumption that the solvent molecules, the
functional groups and the statistical repeat units of the
primary chain molecules all occupy this same volume, a?.
This is not a serious restriction.
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Figure 1. Tree formed by trifunctional molecules carrying
reactive groups capable of forming junctions of variable multi-
plicity. Open circles show the unreacted groups (k = 1). The
multiplicity index of this tree is given by j = {24,7, 3,1,0,0, ...}

Thus, if N(§; n) is the number of (j; n) clusters in the
system, their number density is

v(j; m) = N(j; n)/Q (2.5)

where Q is the total number of cells in the system, and
their volume fraction is

s m) = Q_rngv(; m) 2.6)

The total volume fraction of the polymer component is
thus

¢ = qu(i; n) @7
nn

or equally well
¢ = erzv,/n 2.8)

It will also be useful later to consider the total volume
concentration of functional groups,

v=0Q N (2.9)

and the volume fraction of polymers derived from the
[-functional primary molecules,

¢, =rN,/Q (2.10)

From (2.4) we easily find

/Y = Zr,,‘“lwaR

(2.11a)

and

oY = rfw; (2.11b)

The ratio R gives the average number of statistical
segments per functional group.

3. Multiple Equilibria

3.1. Free Energy of the Mixture. We now consider
the free energy of the system at a temperature T and
polymer volume fraction ¢, by applying classical Flory-
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Huggins theory for multicomponent systems!”8 and
letting the interaction parameter x be the same for all the
species. The chosen standard states are pure solvent and
separated pure unmixed amorphous primary solute spe-
cies. Thefreeenergy change on passing from the standard
states to the final solution, at equilibrium with respect to
cluster formation, is given by the expressionl4-16

AF
B—Q—— =y 1n ¢y + )G mIAG; m) + log ¢G; m)] +

jn

XS0 + I _r78; (3.1)
f

where the subscript zero denotes the solvent, with volume
fraction ¢p = 1 — ¢ and 8 = 1/kgT. The quantity A(j; n)
involves the free energy change accompanying the forma-
tion of a (j; m) cluster in a hypothetical undiluted
amorphous state from the separate primary molecules in
their standard states (superscript zero):

AGm) = Bk°Gi ) - )_nullosmgd)}  (3.2)
f

We may call it the “internal free energy” of the cluster.
The mixing entropy and interaction terms in (3.1) are
recognizable. The final term appears only after the gel
point is passed and a macroscopic network begins to form;
it contains the number density v of f-functional primary
molecules in the network and the free-energy change
produced on bringing an isolated primary molecule into
the network:

b = relim AG 0/ (Y ) (3.3)

The total volume fraction of the gel is then
0= of = Zr,«v? =¢-¢° (3.4)
f

where superscript S denotes the sol.

The classical Flory-Huggins lattice model is incom-
pressible, but for real compressible systems the free
enthalpy change AG should be understood for AF in (3.1).

Now the chemical potentials corresponding to (3.1) are
given by

1
D,(¢)

BAu, =In(1-¢) + (1 - >¢ +x¢®>  (3.5)

for the solvent, and
BAu(;m) =1+ A(G; n) +In ¢(; n) +
Crmp[-1+ (1 - e+ x0d] 6o
f D,(¢)

for a cluster of type (j; n). Here we have introduced the
number-average polymerization degree of the clusters

D,=Dy@) = )_(3_ngpwlis m/Y_v(Gi m)
n

Ln
(=658

before the gel point) (3.7)

Similarly, the weight-average polymerization degree is

D, =D, ) =Y (O _nrpol;m/é (3.8)

jn

Now the equilibrium conditions for association
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ui; m) = Zn,u(iof; n,) 3.9)
lead to the population distribution,
¢G; m) = KG; m) [ [ o5 mo)™ (3.10)
f
with
InK@G;n)=1-1-A@;n) (3.11)

In the postgel regime, we have the excess ¢¢ = ¢ — ¢S,
and so differentiation of the free energy leads to the
chemical potential

BAkF = 8= r1- ¢+ - x¢)), (3.12)

for a chain of f-type in the network. We have an additional
condition that in equilibrium this must balance with the
chemical potential Au(jos; noy) of an isolated molecule:

Auf = Aulios 1) (3.13)
or explicitly
¢(jof; no,’) = ¢! (3.14)

3.2. Internal Free Energy. As long ago emphasized
by Flory,!8 the conformational entropy of flexible chains
plays an important role in determining polymerization or
association equilibria. We therefore evaluate A(j; n) by
considering the following hypothetical four-step process:

(a) Select the primary chains which are to be bound
together into a special (j; n) cluster.

(b) Bring each selected primary chain separately from
its amorphous flexible standard state into the hypothetical
ordered state described by Flory.18

(¢) Combine the selected ordered primary chains into
the specified cluster in its hypothetical ordered “Flory
state”.

(d) Disorient the cluster by allowing each of its parts to
assume random flexible conformations.

The first contribution can be taken from FY and reads

A, =-InlwG;n)/ [ [nleGymep]  (3.15)
f

where the combinatory factor is given by

w@im) = (Q_j,- DI - 1)!Hf‘f/]’[jk![(k - Dl
* (3.16)

In the derivation?2 of this factor, each primary chain,
each functional group, and each junction are first taken
to be distinguishable, with a subsequent correction for
indistinguishability, as in “corrected” Boltzmann statistics.

The second and fourth contribution can be considered
together, in a direct application of Flory’s procedure.18
Their importance resides in their dependence on chain
length: ifthey wereignored, the internal free energy would
violate the well-established “principle of equal reactivity”,
according to which the reactivity of a functional group
must be a local property independent of the size of the
molecule to which it is attached. This is made clear in
F%)ory’s treatment of simple linear polymerization equi-
libria.

Going now to the details, we set all molecular symmetry
numbers equal to unity (the exceptions being highly

Thermoreversible Gelation 3945

improbable) and replace (as did Flory) the model lattice
coordination number { by ¢ - 1 for the first bond of each
chain. This gives

A+ A;=(-D[1-InE-DI+ an Inr- ln(Zn,r,)
3.17)

and surely overestimates the flexibility in the neighborhood
of a junction. However, this can be remedied in principle
by a factor applied to the contribution of step ¢. Here we
must consider the actual bond formation (e.g., crystal-
lization if the junction is a microcrystallite) which in general
willinvolve both enthalpy and entropy changes and would
include changes in solvation free energy and contributions
from internal molecular degrees of freedom. Recalling
that the functional groups were considered as distinguish-
able in the derivation of eq 3.16 and that the correction
must be applied only once and is already contained in 4,
we find

A== jInlk-DN+8) jiogh  (3.18)

where Agg is a function only of the multiplicity &.

We now add the contributions to A(j; n) from eqs 3.15-
3.18, and with (3.11) we then obtain the cluster distribution
constant as

KG;m) =
(f/,-f)w (e-ﬂm)j:.
. L
S - D= DIE- D) 1<Zn,r,>H — ]
Tk Jr:
(3.19)

Now we compare this result with that of FY, which is
expressed in terms of the probabilities pj, that a functional
group is part of a junction of multiplicity k. Theirequation
can be expressed in terms of the number densities as

w;'l p,}’;h
vG;m) =9 _jy- DI - 1)!H—H_— (3.20)
nd St

Since p; is the probability that a functional group is
uncombined, we can write the volume fraction of free
f-functional molecules as

®Uop Dop) = (rfwf/f)‘h)f‘ 3.21)

where use has been made of relations (2.4)-(2.8). Then
from (3.10) and (3.19) we find complete agreement of (3.20)
with (8.19), provided that

pk = Kklpk-lplk (3.22)
with
K, = (¢ - D™ exp(-pAg) (3.23)
The equilibrium condition (8.22) was earlier presented in
IT without derivation.
3.3. Special Cases. For sufficiently large junction
multiplicity we may expect a constant increment in the

binding free energy for each functional group added to a
junction. Thus, for large k& we could put

AgY = (k- 1)g, (3.24)

This would be a poor approximation for small multiplicity
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(e.g.,acrystallite with both surface and bulk contributions
to the free energy of crystallization), and more generally,
we should write

K, = IMD* 1, (3.25)
where
AT) = (£ - 1) exp(-Bg,) (3.26)

and the factor v approaches unity for large k. In many
of the calculations to follow, we shall set v equal to unity
for all &, confident that this useful simplification will not
affect our qualitative conclusions. If we make this
approximation, the distribution law can be expressed in
the simpler form

AMDvG; n) = (ij -Dld- 1)!H(x,"f/nf!)H(1/jk!),
! o@em

where renormalized concentrations of isolated molecules
are defined by

xXp = ﬂ\(T)V(jof; ny) (3.28)

In I, the special analog of \(T) was called a temperature
shift factor, since it always accompanies and rescales the
concentration variables.

If we specialize the case of a single primary f-functional
species and allow a single multiplicity & = s, we have
algebraic relations j, = [(f's’"— 1) + s1/s’and j; = (I - 1)/¢’,
where f =f-1and s’ =s— 1. Equation 3.27 then reduces
to

AMDvG; ) = (8’5, + OISV NPsG, + =) (3.29)

In the presence of only binary (s = 2) junctions, this
equation still further reduces to

MG n) = (fL- DI -20+ 2! (3.30)

which is the classical?® result that was used in earlier
papers!4-16to treat gelation and phase equilibria, although
without regard to the contribution of the disorientation
entropy.

The total number of clusters per unit cell is given by the
sum »S({x}) = L;v(§; n), and also the volume fraction of
the (j; n) clusters can be found from eq 2.6. In the pregel
regime the total volume fraction ¢ is given by the sum
¢5({x}) = L;ndG; n), but in the postgel regime the excess
amount of eq 3.4 gives the volume fraction of the gel
network. Following the strategy developed in the previous
work,!® we express the volume fractions of the primary
molecules in terms of the known amount ¢y of f-functional
molecules (which is fixed by the sample composition). In
the postgel regime, this is done by solving a set of equations

rA0vS/9x)x; = ¢ (3.31)

for all f's with respect to x;. Assoon as a network appears,
however, they are fixed to be

2(T) = [fMT)/r;) expfd; - 1} (3.32)
thanks to the additional balance condition (3.14), and

hence »3 is also fixed as »*(T) = »S({x*}). Upon finding the
solution x¢as functions of the experimentally controllable
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composition {¢g, we find the number density (and hence
the volume fraction) of the (j; n) clusters through the
relation (3.27). Their chemical potentials (3.6), together
with the solvent chemical potential (3.5), then provide the
starting point for the study of the solution properties.

4. Sol/Gel Transition

For the general case of multifunctional junctions, FY
gave the condition for gelation (appearance of macroscopic
trees) as

(fo- D, -1 =1 (4.1)
where
fu=D_fuy 4.2
the weight-average functionality of primary molecules, and
oy = ;kpk (4.3)
21

The junction probabilities p, are given by eq 3.22 and
obey the normalization condition

;pk =1 (4.4)
21

Thus, from the condition (4.1) one can specify the
concentration y* at the gel point in terms of the association
constants K. It mayberemarked that (4.1) can be directly
derived by a straightforward extension of Flory’s original
argument!® about the gel point.

Upon substitution of eq 3.22 for p; with K; being eq
3.25 into the normalization condition (4.4), we find

zu(z) = MTy (4.5a)

where
z=MDp, (4.5b)

is the (scaled) number of unreacted functional groups,
and a new function u(z) is defined by

u(z) = Z'ykzk‘l 4.6)
z=1

The relation (4.5), when inverted, gives z as a function of
the temperature and the concentration. The number
density x; of the isolated f-functional molecules is then
expressed in terms of them through the relation

Xy = w,z/u(z)f' 4.7)

Inorder to find the average cluster size, we next consider
the moment uy of (4.3) which relates to the average
multiplicity of the junctions. It is given by

Be(2) = 1+ 2u/(2)/u(2) (4.8)
in terms of the function u and its derivative u’. Similarly,
the number-average un, which is defined by u, = (X pp/k)-1,

is expressed as

un(2) = u(2)/1(2) 4.9)
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where a new function I(2) is defined by the integral of u(z)
as

Iz) = ;-;kzk'l =- [ u@) de (4.10)

FY expressed the average cluster size in terms of these
moments. The result is

D,(2) = R/[1/py, + 1/f, - 1] (4.11a)

D (2) =R/[1/pu, + 1/f,- 1] (4.11b)
for the weight-average and number-average cluster size.
These relations enable us to express in terms of the
thermodynamic variables all important solution properties,
such as the gelation concentration, chemical potentials,
the osmotic pressure, and the osmotic compressibility.

Atgelation where eq 4.1 is satisfied, the effective number
z of the unreacted functional groups must satisfy the
condition

dlnu@@)/dnz=1/(f,-1) (4.12)

Let us denote the solution of this equation as z = z*. Then,
the critical volume fraction ¢*, as a function of the
temperature must satisfy

AT ¢* = Rz*u(z*) 4.13)

due to the relation (4.5). This relation gives the phase
boundary between the sol and the gel on the temperature-
concentration plane. Inthe pregel regime (z < z*), where
the entire system consists of finite clusters, the total
number v of clusters in a unit cell is given by v = 5= ¢/D,,,
and hence,

BS(e,T) = 2[(1/f, - Du@) + I@QUNT)  (4.14)

In the postgel regime, the total solute volume fraction ¢
is larger than ¢*, and the excess amount ¢ — ¢* is absorbed
into the network, while the concentration z of the unreacted
functional groups remains at a constant value z*. The
volume fraction of the unreacted molecules also remains
constant. Therefore the number concentration v of the
finite clusters in the sol phase takes a value

v (1) = 2*[(1/f, - Du*) + I@HNMT)  (4.15)

which depends only on the temperature. As already
remarked in I, the above treatment of the postgel regime
corresponds to the strict absence of cyclic structures even
in the gel.2® The alternative treatment of Flory,!® which
permits cycles within the gel structures but not in the
finite clusters of the sol, will not be considered in this
paper. Postgel point networks with junctions of arbitrary
multiplicity have been considered from the Flory viewpoint
by Pearson and Graessley.25

5. Solution Properties

5.1. Phase Equilibria. Having found the general
features of the gelation transition, we now proceed to the
study of the solution properties. The solvent chemical
potential (3.5) is transformed into

Blug =1In(l - ¢) + ¢ — v(¢, T) + x> (5.1)

over the entire (¢, T) plane, where v(¢, T) = ¥3(¢, T) in
the pregel regime, while v(¢, T) = »*(T) in the postgel
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regime. The chemical potential (per monomeric unit) of
an f-functional molecule, whether in a cluster or isolated,
is given by

BAus=c;+ [Inz-f Inu@l/r + ¢ - v, T) + x(1 - ¢)*
(5.2)

thanks to the multiple equilibrium conditions (3.9), where
f'=f-1,and ¢s=[1+Inrawy/ fA(T))]/rsis the concentration-
independent part. In deriving this equation, the relation

SCop Bop) = (rw/ PAz/u(z) (5.3)

which connects the volume fraction of the isolated
molecules to z, has been used. The coexistence curve (or
binodal) for a dilute phase with volume fraction ¢’ to be
in an equilibrium with a concentrated phase with volume
fraction ¢” is given by the coupled equations

A;.Lo(tb’, )= A#o(d’”, T) (5.4a)

Aul¢’, T) = Aud¢”, T) (5.4b)
If the higher-concentration phase lies in the postgel regime,
the postgel form of v must be employed in the chemical
potentials. These equilibrium conditions determine, when
coupled together for all existing functionalities f, the total
volume fraction ¢’ and ¢” in each phase as well as the
molecular distributions w; and w in them. Inmost of the
numerical examples to follow, we do not give the binodal
curve, but the more easily computed spinodals, defined
by (5.15) below.

5.2. Osmotic Pressure and Osmotic Compress-
ibility. The osmotic pressure = is directly related to the
solvent chemical potential through the relation a3 = Ay,
Hence we have

a8 =-In(l-¢)-¢ +u(¢, T) - x¢*>  (5.5)

In the dilute region, this can be expanded in powers of the
concentration. Tofind the coefficients of this power series
(virial expansion), let us first solve the relation (4.5) with
respect to z in powers of the volume fraction ¢ and then
substitute the result into the term zI(z) in the right hand
side of the number concentration S given by (4.14). This
is similar to the problem we encountered in the theory of
condensation of a gas. If we compare our problem with
the cluster expansion theory developed by Mayer,€ we
recognize that the coefficients in the power series of 21(z)
can be expressed in terms of the irreducible cluster
coefficients 8 constructed from the coefficients b, = v,/ k.
The result is

@) = w{ ;—6,,0\\0)"} (5.6)

For instance, we have

2= Y3~ ’722/ 2
B3 = 2(v, - Byyys + T7,0)/3 (5.7)

ﬁ1=72 8

for the first three irreducible coefficients. Upon substitu-
tion of this result into =, and using ¢(= Ry) in favor of ¢,
we obtain the virial series for the osmotic pressure:

7Ba’ =) A" (5.8)
n=1
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where
A, =1/fR (5.9a)
Ay =1/2-x - [IMT)v,/2R%] (5.9b)
—_ 1 n
A = %{1 - (1—-3—6—1(*—(1?) } forn=3 (590

As was remarked in I, the correction to the second virial
coefficient is due to the existence of binary junctions (k
= 2), and should vanish if v in (3.25) were made to vanish.
Thus association does not affect the second virial coef-
ficient if there is no binary cross-linking. The frequently
observed sudden gelation in physical gels without precursor
suggests the dominance of high-junction multiplicity in
the case of microcrystalline cross-linking.

We next define the dimensionless isothermal osmotic
compressibility K7 by the equation

KT = (kBT/as)(a¢/aT)T/¢ (5.10)
Taking the derivative of the osmotic pressure, we find
Kr=1/¢%($, T (5.11)

where the function ¢ is given by

o6, T = —1—+ —L— 2

5.
Do 1-9 (5.12a)

Here a new function D(z) without subscript, being defined
by

D(z) = R/(1/u,, + 1/f, - 11 (5.12b)
has appeared. It agrees with the weight average Dy(z) for
monodisperse primary chains, and becomes infinite at
gelation. For a system of polydisperse primary chains for
which fi > fu holds, however, it remains finite; in fact we
have D(z*) = (fw — fo)R/fwfo ~ O(fw — fu). Since we have
o(¢, T) = 1/(1 - ¢) - 2x in the postgel regime, the osmotic
compressibility shows a finite discontinuity at gelation,
the amount of which is given by

A[K[] ~ -D(@z*)/¢* ~ O(f, — f.) (5.13)

where the symbol A indicates the difference between the
two limiting values of the argument taken at the gelation
concentration from above and from below. Since the
osmotic compressibility—which is one of the second
derivatives of the free energy—jumps at gelation, the
reversible gelation of polydisperse primary chains is
categorized as a second-order transition in Ehrenfest’s
sensge.” On the contrary, Kr for monodisperse polymer
chains is a continuous function of the concentration at
gelation as the weight-average cluster size diverges; it
approaches a finite value K7 = 1/[(1 - ¢*)-! - 2x]1¢*2 with
a finite slope, and then decreases with a different slope.
It thus exhibits a cusp-shaped singularity at the gel point.
The discontinuity in the slope at gelation is given by

Al In K;/9¢) = -Alou, /09]/Ro*¢*  (5.14)

and the sol-to-gel transition becomes a third-order transi-
tion.

For monodisperse primary chains we have a strictly two-
component system, and the thermodynamic stability limit
(spinodal) is given by

Macromolecules, Vol. 27, No. 14, 1994

o(¢, ) =0 (6.15)

We observe that the singularity in K7 is enhanced near
the spinodal line because of the factor ¢* in the denomi-
nator of (5.14). Further, for such strictly binary systems,
the critical solution point, if it exists in the pregel regime,
can be found with the aid of the additional condition 82Auq/
d¢? = 0 and is given explicitly by

D,(¢)/Dy(¢)% = .2/ (1-¢,)° (5.16)

For systems with polydisperse primary chains, the spinodal
and critical conditions have to be determined from the
appropriate Gibbs determinants.?® They will not be
further considered in this paper.

6. Junctions of Fixed Multiplicity

Several special models of junctions are now presented
to illustrate the above results and will aiso be used in the
phase-equilibrium calculations to follow.

The first model we consider is the one in which a single
value s (=2) of the junction multiplicity is allowed (“fixed-
multiplicity model”). We have 2 = 1 (free) and k = s
(reacted), all other v, being zero. This is a rather extreme
case, but the model provides an obvious advantage in
clarifying the effect of multiplicity on the thermal proper-
ties of physical gels. When s = 2, the model reduces to
the case of pairwise cross-linking, whose solution properties
were already studied in I.

From the definitions we have

u@)=1+2" and I@)=1+s%" (6.1)

where s’ =s — 1. We must now solve the equation

z(1+2%) = MTH (6.2)

with respect to z. Insuch a fixed-multiplicity model, one
can alternatively use as an independent variable the
probability p, for a functional group to be in a junction.
Let us write p;, = . We then have py = 1 — a by
normalization. Since z = (1 — a)A\y by definition, the
relation (6.2), combined with (6.1), gives u(2) = 1/(1 - o)
or, equivalently, z¥' = o/(1 - ). Similarly, the integral of
u is expressed as I(z) = [1 - (s'/s)al/(1 — ). The
equilibrium condition (4.5) then takes the form

a/(1- a)* = [MTWY]® 6.3)
which was already derived in II.
It is now straightforward to calculate average quantities.
We find
pe=1+sa and pu,=1/1-sa/s) (6.4
and
D,=R/[1/Q+s'a)+ 1/f,—1] (6.5a)
D, = R/(1/f,-s'als) (6.5b)
so that we have
(¢, D = ¢(1 - f,s'als)/f,R (6.6)
We next find the critical values of physical quantities

at gelation. Since (4.1) holds at gelation, we have p,; =
f«/ (fw — 1) and hence
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a* =1/s'(f,- 1) 6.7)

which of course reduces to Flory’s classical relation for s
=2, The critical gel volume fraction satisfies the relation

MTY¢* = Rs'(f, - D/[s'(f,- D - 11" (6.8)
or, equivalently,
AMDv* = 8'[s(f, - 1) - f,)/sf,[s'(f, - 1) - 117 (6.9)

for the number density. This equation determines the
sol/gel transition line on the temperature—concentration
plane. Itis asteadily increasing function of temperature.

We next proceed to the study of phase equilibria. The
chemical potential of each species, written in terms of the
reactivity a, takes the form

BAuy=In(1-¢) + ¢ + x¢* - v, T)  (6.108)

for the solvent and

BAw =i+ (In ¢ + fIn(L - )l/r;+ ¢ + x(1 - ¢)* -
v(¢, T) (6.10b)

for the f-functional molecules, where v(¢, T) = v5(¢, T
(¢* — ¢) + v*0(¢ — ¢™), 0 being the step function,

The function a(¢, T), which is proportional to the
reciprocal of the osmotic compressibility, can be written
as

o(¢, T) = R¢(1 rapen + 7. 1) + ) 2x (6.11a)
in the pregel regime, and
=_1 _
o(p, ) = 1-¢ 2x (6.11b)

in the postgel regime. For monodisperse system with a
single f, the discontinuity in the slope of the compressibility
at gelation then takes the value

Ald In K1/8¢) = —s"*fa*(1 - a*)/Ro*¢**(f)®  (6.12)

In the following numerical calculation of the phase
diagrams, we consider only monodisperse systems in which
all solute molecules have a single number r of monomeric
units and carry a single functionality f. Effects of
polydispersity on the phase equilibria will be studied in
aseparate paper. Insuchamonodispersesystem a cluster
is specified by the number n; = | of molecules it contains.
We have simply f« = fu = f and R = r/f; the conversion
factor R reduces in this case to the number of monomeric
units per functional group on a molecule. The gelation
concentration is given by

MTY* = rf's'/f(f's’ — 1)*/¥ (6.13)

as was discussed in II.

The calculation of phase equilibria in the (T, ¢) plane
involves two different functions of temperature: the
equilibrium constant A(T) and the interaction parameter
x. They are most compactly presented in terms of the
familiar reduced temperature relative to the unperturbed
O temperature,

7=1-6/T (6.14)

and we then havel”
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x=1/2-y7 (6.15)

where Y is a number of order unity related to the entropy
of solution. The temperature shift factor (3.26) is

AMT) = ({ - 1) exp(ASy/kp) exp(-BAe) (6.16)

where ASyand Aeare the entropy and energy contribution
to Ago, and this may be rewritten as

MT) = Ay expl(1 - 7)] 6.17)

with
Ao = (£ - 1) exp(ASy/kp) (6.18a)
k= ~Ae/kyg0 (6.18b)

Throughout the calculations to follow, we fix y; = 1 while
varying the other parameters to see their effects.

Figure 2 shows the phase diagram for a fixed-multiplicity
model with « = 4, r = 100, and Ay = 10. The solid lines
show the stability limit (spinodals) defined by the
condition (5.15), and the broken lines, the sol/gel transition.
The critical solution points (CP) are indicated by open
circles. The multiplicity s is varied from curve to curve.
The intersection between the spinodal curve and the
gelation curve may be considered as a certain kind of
critical end point (CEP) or a tricritical point (TCP),29-3
depending on the relative positions of the intersection
and the CP. It should, however, be emphasized that the
third-order sol/gel transition is not an ordinary two-phase
equilibrium, since sol and gel do not separate from each
other; it might better be regarded as an order—disorder
transition within a single phase. The spinodal, on the
other hand, refers to a first-order liquid/liquid equilibrium.
Accordingly, we use the terms “quasi-TCP” and “quasi-
CEP” to denote the phenomena described above.

In Figure 2, as s is increased, the intersection on the
shoulder of the spinodal approaches CP and eventually
hits the CP at a certain value of s. In this figure this
particular situation (hereafter called the marginal situ-
ation) occursats = 5. Below this critical value of s (referred
to as the submarginal regime) the intersection of the two
lines gives a quasi-CEP—the gelation concentration
coexisting with a sol phase—while it gives a quasi-TCP
above the critical s (referred to as the supermarginal
regime). There are no CP’s in the supermarginal regime,
and the gelation line remains at finite concentration even
for infinitely large s. The part of the transition line lying
inside the biphasic region has physical significance only
in nonequilibrium states.

7. Junctions of Variable Multiplicity

We now allow junctions to take a wide range of
multiplicities. Figure 3 depicts two typical examples of
polymeric gels with variable multiplicity. The top figure
shows a gel network formed by crystalline segments, each
having a sequence of r, statistical units, together with the
multiplicity number beside the junctions. (The length r,
of the microcrystallite agrees with the conversion factor
Rinthiscase.) Thebottom figure shows a network formed
by functional groups attached to the chain ends, together
with the junction multiplicity.

7.1. Junctions Which Allow Multiplicity Larger
Than a Fixed Value. Inordertosee the effect of variable
multiplicity, let us introduce a model system in which
junctions of multiplicity greater than sgare allowed. When
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Figure2. Phasediagram (reduced temperature r against volume
fraction ¢) of reversible gels with a fixed junction multiplicity.
Solid lines show the spinodals, and broken lines, the gelation
transition. The multiplicity s is varied from curve to curve. Open
circles are critical solution points. Tricritical points appear above
the marginal value s = 5. The other parameters are fixed at «
= 4, r = 100, and Ay = 10,

So = 2, junctions of all multiplicities can coexist at relative
amounts determined by the thermodynamic balance.
However, in the case of microcrystalline junctions, for
instance, it is natural to assume that a minimum number
so (>2) of chains is required for junction formation. This
is because the surface energy terms will prevent small-&
units from being stable.
We have, for such a model,

u(z) = ; Fl=1+2"1-2) a.1
250

and

3’0—1

I(2) = ~[In(1 - 2)]/2 —z; YR+ (1.2

=1

where the simple form (3.24) has been employed. The
parameter z is a function of the volume fraction through
therelation (4.13), and the critical condition is determined
from (4.12) by the algebraic equation

[(so~ D= 1) = 112~ [s¢(f, - D = 112+ (1 -2)° = 0
(1.3)

The root 2* of this equation gives the gelation concentra-
tion when substituted into (4.13). For the unconstrained
multiplicity model (sy = 2), this equation reduces to

MT)¢* = R/(f,—- 1) (7.4)

Figure 4 shows the scaled gelation concentration A¢*/r
as a function of the minimum multiplicity s, for the
monodisperse system with a single functionality f and a
single molecular weight r,sothat R = r/f. Thefunctionality
fisvaried from curveto curve. Filled circlesindicate values
for the unconstrained multiplicity model. The curve for
f = 3 starts from 1/f(f - 1) = 0.166 667 at so = 2, takes a

smaller value 2(v/5 — 2)/3 = 0.157 38 at so = 3, and then
steadily increases with s; for higher f, the curves increase
monotonically.

Figure 5 shows typical phase diagrams for gels with a
minimum multiplicity. Therelevant parameters are fixed
as« = 3, r = 500, f = 50, and Ag = 1, so that the average
monomer sequence length in a junction is given by r. =
10. The value of minimum multiplicity sy is varied from
2t0 6. As sgincreases, the spinodal and the gelation line
both shift toward the low-temperature and high-concen-
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1 1

Figure 3. Two typical physical gels with junctions of variable
multiplicity. A network with junction zones formed by the
crystalline segments (top figure) and a network formed by the
end-functional groups (bottom figure) are schematically drawn.
The figures beside the junctions show their multiplicity.

tration region. Parts a-c of Figure 6 show the effects of
changing the parameter Ay on both binodals and spinodals,
in this case for a system with s; = 2 and low primary
molecular weight (r = 3) and functionality (f = 3). The
relative binding energy is fixed at x = 2. For this one
example, the asymptotic expressions (section 8) were used,
to simplify calculations.

7.2, Saturating Junctions. When the association
force has a saturating nature, the number of functional
groups in a junction is limited below a certain maximum
value s,. Junctions formed by dipole aggregation and
micellization of hydrophobic polymer segments, for in-
stance, belong to this important category.

The function u for a saturating junction takes the form

u@) = 1-2"/(1-2) (1.5)

The critical value of z at gelation is now found from the
equation

[sp(fe = 1) - 112 =[5, (f,- D - 1)z + f .z -1 =0
(7.6)

All other solution properties are derived by the general
method developed above.

Figure 7 shows the scaled gelation concentration as a
function of the maximum multiplicity s,, for a monodis-
perse system. The functionality f is varied from curve to
curve. Filled circles indicate the values of the pairwise-
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Figure4. Reduced gelation concentrations A(T)¢*/r as functions
of the minimum junction multiplicity so. The functionality f is
changed from curve to curve. The filled circles show gelation
concentrations for the unconstrainedly-variable multiplicity

model.
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Figure 5. Phase diagrams of physical gels with a minimum
junction multiplicity. Spinodals and gelation lines are shown
for crystalline polymers with minimum length r, = 10 of
crystallization (f = 50, r = 500, x = 3, Ay = 1).

junction models. The concentration for large s, ap-
proaches the limiting value of the unconstrained multi-
plicity model which was shown by the filled circles in Figure

4,

Figure 8 shows the phase diagram of a physical gel
formed by the association of functional groups attached
to the chain ends (f = 2 and r = 100). In this case it is
difficult for a functional group to join in a large junction
around which the chain segments are densely packed, thus
revealing the saturating nature. The entropy parameter
is fixed as Ao = 10. The topological structure of the phase

diagram is the same as that in Figure 5.
Figure 9 shows the cusp-shaped singularities in the
osmotic compressibility of the same system. The com-

pressibility for s, = 5 is plotted on a logarithmic scale
against the concentration. The temperatureis varied from
curve to curve near the TCP to see how the singularlity
grows as the system approaches the TCP (which itself lies

on the spinodal).
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-1.0
[o] 0.5 ¢

Figure 6. Phase diagrams (approximate) for low-molecular-
weight gels with junctions of unrestricted multiplicity. The fixed
parametersarer = 3,f = 3,and « = 2. Key: binodals (outer solid
curves), spinodals (inner solid curves), unstable regions (shaded
area), and the gelation transition (dashed curve). (a, top)
Submarginal regime, Ay = 5: (open circle) critical solution point;
(filled circle) critical end point. (b, middle) At marginality, Ao
= 20, showing a tricritical point. (c, bottom) Supermarginal

regime, A\ = 40.

8. Asymptotic Solution and Universal Nature of
the Gelation Transition

For several purposes it is useful to display the asymptotic
form of the distribution for very large clusters, as developed
by FY with the method of steepest descents. The result
is that eq 3.27 can be written for large | as

MDD v(;n) = A(xDIPPlh(zg)/z (8.1

ng=1
where a polynomial h(z) is defined by

h(z) = fou(z)f (8.2)
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Figure 7. Reduced gelation concentrations as functions of the
maximum junction multiplicity s,,. The functionality fis changed
from curve to curve. The filled circles show gelation concentra-
tions for pairwise association.
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Figure 8. Phase diagrams of end-functional polymeric gels
formed by junctions with a maximum multiplicity s,. The
maximum multiplicity is varied from curve to curve. The other
parameters are fixed at f = 2, r = 100, « = 5, and A, = 10.

with

©

u(z) = ;nzk'l (8.3)
=1

This function u(2) has already appeared in our rigorous
treatment given in section 3. The prefactor A in this
asymptotic form comes from Gaussian integration along
the path of steepest descent and is given by

A(fx}) = 20U/ (29)/ [27h" (2g)/ h(2)]** (8.4)
The special value zis the root of the saddle-point condition
h(z) - zh'(2) = 0, 8.5)

and is a function of the concentrations {x}. For a
monodisperse system for which only a single f is allowed,
this equation reduces to the gelation condition (4.12) (with
fw replaced by f), and hence we have zp = z*. In the
reminder of this section, we limit our arguments to the
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Figure 9. Osmotic compressibility of end-functional polymeric
gels as a function of concentration. The temperature is varied
from curve to curve near the tricritical point. At gelation, the
compressibility exhibits a cusp-shaped singularlity. Itisenhanced
as the temperature approaches the tricritical temperature. The
other parameters are the same as in Figure 8.

case of monodisperse chains. For a single f, we have h(2)
= xu(2)f, and zyis given by the unique root of the equation

};[1 — Pk~ DIy =0 (8.6)

which is the same as the result of (4.1)-(4.3). This is to
be expected, since the asymptotic form must give the
correct description of the largest clusters.

We then find h(z¢)/zy = £x, where

£=uz)) /2, ®.7)
The prefactor can be rewritten as

A=l ERTTENIVAEN]
Verf [(f - DU (zg)® + ulzgu (2,12

(8.8)

and is now a constant which depends only on f and the
junction multiplicity.

At this point we may remind the reader that the
exponent of Il in eq (8.1), 7 = 3/,, is characteristic of all
classical Bethe-lattice gelation theories. According to
percolation theory3? we should expect 7 = 2.20, while two
recent careful experimental studies on polyesters333¢ have
yielded 7 = 2.29 £ 0.03 and 7 = 2.35 % 0.03. Our remarks
below on the nature of the transition are not altered by
these differences.

Now from eq 2.6 we have ¢; = rly, and so the total
volume fraction ¢S of clusters in the sol phase is then given
by

MD¢S(x) ~ rad®/,; £x) (8.9)

where new functions ®(p; y) are defined by
o |
y
®(p; y) = Z— (8.10)
=1 lp

These functions, with a radius of convergence y = 1, are
well-known, for p = 8/5 and 5/, in the expressions for the
density and pressure of an ideal Bose-Einstein gas. They
also appear in the theory of ring—chain equilibria of linear
polycondensates, and in this context are sometimes called
Truesdell functions after a special study?® of their proper-
ties.
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Similarly, the total number concentration of clusters »5
is given by
MDA (x) =~ A®¢/y; £x) (8.11)

and hence the number-average molecular weight of the
clusters (3.7) takes the form

&G/, £x)

D (¢) ~ —="r
&C/y; £x y

8.12)

In a similar way, the weight-average molecular weight of
the clusters (3.8) can be evaluated as

1
/2, Ex)
D (¢) ~ (8.13)
¢ <1>(3/2, Ex)

As £x approaches unity, ®(%/4; £x) and $(5/4; £x) converge
to the finite values {(3/5) = 2.612 and ¢{(5/5) = 1.341,
respectively, but ®(1/;; £x) diverges. This fact indicates
that the condition ¢x = 1 defines the gelation point. The
volume concentration of the clusters at this point takes
the value

MDo* =~ (Gl rAx*) (8.14)

where x* = 1/£. Because A(x*) depends only on f (in fact,
it is independent of x* for the monodisperse case), this
relation gives the phase boundary between the sol and the
gel on the temperature~concentration plane. For con-
centrations larger than ¢, the excess amount ¢ — ¢* is
absorbed into the network, while the concentration of the
isolated molecules stays at a constant value x*. The
number concentration of the clusters in the sol phase stays
ataconstant value v* = {(5/9) A/NMT). Asalreadyremarked
inI, the above treatment of the postgel regime corresponds
to the strict absence of cyclic structures even in the gel.?°
The alternative treatment of Flory,!? which permits cycles
within the gel structures but not in the finite molecules
of the sol, will not be considered in this paper.

In order to study the behavior of physical quantities
near the gelation threshold, let us employ the following
asymptotic forms of the relevant Truesdell functions near
the radius of convergence y = L:

(g y) = Va/(1 - pl? (8.15a)
3¢y ~ ¢l -2vVa1 -t (8.15b)
8¢/ y) = Gl - 1CA-y) (8.15¢)

Note that ®(1/,; ¥) diverges at y = 1, while the other two
remain finite. Inversion of the relation (8.9) then yields
the equation 1 - &x =~ [{(3/9) — A¢/rAl%4r for the
concentration of the isolated chains. Hence we find that
the weight-average mean cluster size takes the form

27r?A
D, /0 ))\]¢*_ (8.16)

near the gelation concentration, thus giving the classic
scaling exponent. Similarly, we can easily find that the
ratio D,/ D2 takes the finite value {(3/2)2/2xr, where D, is
the z-average cluster size.

We may remark that if the exponent of (¢* — ¢) in (8.16)
is changed from -1 to the percolation value3? of —1.7, the
discontinuity of slope at the gel point on the spinodal line
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(as for example in Figures 2, 5, 6, and 8) is removed,
although the curvature remains large.

We next consider the osmotic compressibility. As was
pointed out in the preceding section, the derivative of the
function (T, ¢) is discontinuous at gelation. Employment
of the form (8.15) for the function &(!/y; y), which
characterizes the divergence of the weight average, gives
a positive amount of discontinuity A(do/d¢) = (do/d¢)+ —
(d0/3¢)_ = £(3/9)%/27r¢*2 and hence leads to the relation

A@ In K4/89) = -[1(/ % 2rr1Ky (8.17)

for the logarithmic derivative of the compressibility. This
discontinuity is tiny for long polymer chains at almost all
concentrations, but it is drastically enhanced near the
spinodal line on which K7, diverges.

We can also examine the accuracy of the asymptotic
evaluation, for which the reduced value of the gelation
concentration AM(T)¢*/r is given by

MDe* _ (Clzauzgu’ (2g)
r [27F§(F - D/ (29)? + ulzgu” (z})*?

(8.18)

Since 2o = z* for a monodisperse system, the ratio of this
approximate value to the true one 2*u(z*)/f becomes

(¢)exact

fu'(z*)
[F{(f - Dw' (2% + u@zbu” (z%))]12
8.19)

For large f, therefore, the ratio is very close to unity,
independent of the junction multiplicity, provided that
the second term in the denominator can be neglected.

8.1. Junctions with a Fixed Multiplicity. In this
model (cf. section 8), we have h(z) = x(1 + 2¥)f. The
saddle point is given by z¢ = (f's’ — 1)-1/¢, Straightfor-
ward calculation leads to

S - (f/s/)f’/(f/s/ _ l)f’—l/s' (8.20)

and

A= s’(f’)l/z/(21r)1/2(f’s’ _ 1)3/2+1/s’ (821)

for the relevant parameters. Hence, with the help of eq
8.14, we have

MD)* =~ 1.042rs'(F)/(f's’ - ¥+ (8.22)

For a very large aggregation number s’ > 1, the critical
concentration is proportional to r/ f’\/; . In the physical
gelation of primary polymer chains via cross-linking by
segment crystallization, the functionality f is expected to
be proportional to the molecular weight r, and therefore,
the gelation concentration ¢* in this limit is independent
of the molecular weight. This limit is actually seen in
some of the experimental results of Domszy et al.2 Inthe
case of the gelation by the association of the end-functional
groups, the functionality is fixed to be f = 2, and hence
¢* ~ r/(s - 1)(s+1)/2(a-1)-

We now compare this approximate result with the exact
value (6.8) of the gelation criterion. The latter reduces to

ANDo* = rf's'/f(f's’ - 1)1 (8.28)

for a monodisperse system, and we find
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(6®) asym/ (8% exaet, = LOA2f/[f(f s’ = DIV? (8.24)

whichi is close to 1/V/s’ for a large f. This relatively large
discrepancy is mathematically due to the fact that the
second term in the denominator of (8.19) is not negligible
in this case. Physically, we rationalize it by remarking
that junctions of higher multiplicity reach the asymptotic
range of sizes more quickly, at a given concentration.
8.2. Junctions with Variable Multiplicity. We
consider, for instance, so = 2 in the minimum multiplicity
model, for which we have z = 1/f, and hence £ = f//ff and
A = 1/2nf f3Y/2. The critical concentration is given by

MTDp* =~ 1.042r/(f f1/? (8.25)

which is very close to the exact value r/f f'.

The asymptotic solution of our problem has thus an
obvious advantage in establishing the analogy between
physical gelation and the Bose condensation of an ideal
gas mixture. In fact, the phase diagrams explored in this
study and those observed in the mixture of He® and He*
show many common features.3°

9. Conclusion

We have attempted to develop a general theory to find
the phase behavior of the reversibly gelling polymer
solutions in which network junctions have variable mul-
tiplicity.

The model proposed in this study has obvious advan-
tages in describing self-associating liquid mixtures in which
the polydispersity is thermally controlled; it covers the
interference phenomena between the two competing
transitions—that is, gelation and macroscopic phase
separation. From the theoretical and numerical results
obtained in the present paper, the following conclusions
can be drawn.

(1) Physical gelation is a thermodynamic transition
which reveals a singularity in the derivatives of the free
energy. This can be most easily seen in the singular
behavior of the osmotic compressibility.

(2) Multicritical phenomena arise as a result of the
competition between gelation and phase separation ir-
respective of the details of the junction multiplicity. This
conclusion is drawn on the basis of the universal form in
the asymptotic population distribution of the clusters near
the gelation transition.

(3) The phase diagram varies qualitatively as the
junction multiplicity is changed; the quasi-critical end
point turns into the quasi-tricritical point by a small
increase in the junction multiplicity.

(4) The osmotic pressure in the dilute regime is also
sensitive to the junction multiplicity; its second virial
coefficient reflects the population of the binary junctions
only and hence exhibits no effect of association if only
multiple junctions are allowed.

Our results may be directly applicable to some real
thermoreversible gels, such as those of polyethylene,? or
of poly(vinyl chloride) where microcrystalline junctions
presumably are formed by stereoregular sequences. In
the latter case, the formula for the equilibrium constant
will involve a theory of copolymer crystallization.%
Another familiar system, which however will require a
further embellishment of our results, is atactic polystyrene
in carbon disulfide in which the junctions are made of
polymer/solvent complexes.?’-% (In the special case of
very long chains, where the gel-point polymer concentra-
tion is low and not much solvent will be found in the
junctions, only a trivial modification is needed.)
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Further modifications in the present theory would
involve (1) some allowance for cyclic structures, possibly
by the “spanning tree” approximation of Gordon and
Scantlebury,? and (2) calculations of structure factors,
possibly by an extension of the methods of Dobson and
Gordon,*! and aided by a random phase approximation.
Itis hoped to pursue these topics in later publications. We
intend also to investigate the effects of using Flory’s
approximation for postgel relationships, as well as to
attempt a more detailed comparison with experimental
data.
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